HAWKING 'S LOCAL RIGIDITY THEOREM WITHOUT 

ANALYTICITY 



S. ALEXAKIS, A. D. IONESCU, AND S. KLAINERMAN 

Abstract. We prove the existence of a Hawking Killing vector-field in a full neighbor- 
hood of a local, regular, bifurcate, non-expanding horizon embedded in a smooth vacuum 
Einstein manifold. The result extends a previous result of Friedrich, Racz and Wald, see 
[7J Proposition B.l], which was limited to the domain of dependence of the bifurcate 
horizon. So far, the existence of a Killing vector-field in a full neighborhood has been 
proved only under the restrictive assumption of analyticity of the space-time. We also 
prove that, if the space-time possesses an additional Killing vectorfield T, tangent to the 
horizon and not vanishing identically on the bifurcation sphere, then there must exist 
a local rotational Killing field commuting with T. Thus the space-time must be locally 
axially symmetric. The existence of a Hawking vector-field K, and the above mentioned 
axial symmetry, plays a fundamental role in the classification theory of stationary black 
holes. In [2] we use the results of this paper to prove a perturbative version of the 
uniqueness of smooth, stationary black holes in vacuum. 
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1. Introduction 

Let (M, g) to be a smooth^ vacuum Einstein space-time. Let S be an embedded 
spacelike 2-sphere in M and let Af,Af_ be the null boundaries of the causal set of S, 
i.e. the union of the causal future and past of S. We fix to be a small neighborhood 
of S such that both J\f,J\f are regular, achronal, null hypersurfaces in spanned by 
null geodesic generators orthogonal to 5*. We say that the triplet (S,J\f,AT) forms a 

1 M is assumed to be a connected, oriented, C°° 4-dimensional manifold without boundary. 
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local, regular, bifurcate, non-expanding horizon in if both M,M_ are non-expanding 
null hypersurfaces (see definition 12.11) in 0. Our main result is the following: 

Theorem 1.1. Given a local, regular, bifurcate, non-expanding horizon (S, A/", AT) in a 
smooth, vacuum Einstein space-time (0,g), there exists an open neighborhood O' C O of 
S and a non-trivial Killing vector-field K in O' , which is tangent to the null generators 
of Af and Af_. In other words, every local, regular, bifurcate, non-expanding horizon is a 
Killing bifurcate horizon. 

It is already known, see [7J, that such a Killing vector-field exists in a small neighbor- 
hood of S intersected with the domain of dependence of Af U Af_. The extension of K to 
a full neighborhood of S has been known to hold only under the restrictive additional 
assumption of analyticity of the space-time (see [8], [12], [7J)- The novelty of our theorem 
is the existence of Hawking's Killing vector-field K in a full neighborhood of the 2-sphere 
S, without making any analyticity assumption. It is precisely this information, i.e. the 
existence of K in the complement of the domain of dependence of Af U Af_, that is needed 
in the application of Hawking's rigidity theorem to the classification theory of stationary, 
regular black holes. The assumption that the non-expanding horizon in Theorem 11.11 
is bifurcate is essential for the proof; this assumption is consistent with the application 
mentioned above. 

We also prove the following: 

Theorem 1.2. Assume that (S, Af, AT) is a local, regular, bifurcate, horizon in a vacuum 
Einstein space-time (0,g) which possesses a Killing vectorfield T tangent to Af U Af_ and 
non-vanishing on S. Then, there exists an open neighborhood O' C O of S and a non- 
trivial rotational Killing vector-field Z in O' which commutes with T. 

Once more, a related version of result was known only in the special case when the 
space-time is analytic. In fact S. Hawking's famous rigidity theorem, see [8J, asserts 
that, under some global causality, asymptotic flatness and connectivity assumptions, a 
stationary, non-degenerate analytic spacetime must be axially symmetric. Observe that, 
though we have not assumed specifically that the horizon is non-expanding, this is in fact 
a well known consequence of the fact that the Killing field T is tangent to it. Thus, in 
view of Theorem II. 1[ there exists a Hawking vectorfield K, in a full neighborhood of S. 
We show that there exist constants A and t > such that 

Z = T + A K (1.1) 

is a rotation with period t^. The main constants Ao and to can De determined on the 
bifurcation sphere S. We remark that, though Hawking's rigidity theorem does not re- 
quire, explicitely, a regular, bifurcate horizon, our assumption is related to that of the 
non-degeneracy of the event horizon, see fT7\ . 

As known the existence of the Hawking vector-field plays a fundamental role in the 
classification theory of stationary black holes (see [8] or [5] and references therein for a 
more complete treatment of the problem). The results of this paper are used in [2] to 
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prove a perturbative version, without analyticity, of the uniqueness of smooth, stationary 
black holes in vacuum. More precisely we show that a regular, smooth, asymptotically 
flat solution of the vacuum Einstein equations which is a perturbation of a Kerr solution 
JC(a, m) with < a < m is in fact a Kerr solution. The perturbation condition is expressed 
geometrically by assuming that the Mars-Simon tensor SS of the stationary space-time 
(see [15] and [10] ) is sufficiently small. The proof uses Theorem 11.11 as a first step; one 
first defines a Hawking vector-field K in a neighborhood of S and then extends it to the 
entire space-time by using the level sets of a canonically defined function y. One can 
show that these level sets are conditionally pseudo-convex, as in [TO], as long as the the 
Mars-Simon tensor SS is sufficiently small. Once K is extended to the entire space-time 
one can show, using the result of Theorem 11.21 that the space-time is not only stationary 
but also axisymmetric. The proof then follows by appealing to the methods of the well 
known results of Carter [3] and Robinson [16], see also the more complete account [5]. 

1.1. Main Ideas. We recall that a Killing vector-field K in a vacuum Einstein space-time 
must verify the covariant wave equation 

□ g K = 0. (1.2) 

The main idea in [7] was to construct K as a solution to (11.21) with appropriate, character- 
istic, boundary conditions on Af U Af_. As known, the characteristic initial value problem 
is well posed in the domain of dependence of jVU jV but ill posed in its complement. To 
avoid this fundamental difficulty we rely instead on a completely different strateg}|E The 
main idea, which allows us to avoid using (II .2p or some other system of PDE's in the ill 
posed region, is to first construct K in the domain of dependence of Af U Af_ as a solution 
to (11.21) . extend K by Lie dragging along the null geodesies transversal to Af, consider its 
associated flow and show that, for small \t\, the pull back metric \E^g must coincide 
with g, in view of the fact they they are both solutions of the Einstein vacuum equations 
and coincide on Af U Af_. To implement this idea we need to prove a uniqueness result for 
two Einstein vacuum metrics g, g' which coincide on Af U Af. Such a uniqueness result 
was proved by one of the authors in pQ, based on the uniqueness results for systems of 
covariant wave equations proved by the other two authors in pi)] and [IT]. The starting 
point of the proof are the schematic identities, 

□ g R = R*R, Dg/R' = R' * R' 

with R * R, R' * R' quadratic expressions in the curvatures R, R' of the Einstein vacuum 
metrics g, g'. Subtracting the two equations we derive, 

□ g (R - R') + (D g - □ g ')R / = (R - R') * (R + R'). 



2 Such a strategy was discussed in [7j Remark B.I.], as an alternative to the use of the wave equation 
(II. 2[) , in the domain of dependence of Af U Af. We would like to thank R. Wald for drawing our attention 
to it. 
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We would like to rely on the uniqueness properties of covariant wave equations, as in 
[TU] . [TT] . but this is not possible due to the presence of the term (d g — □g/JR/ which 
forces us to consider equations for g — g' expressed relative to an appropriate choice of 
a gauge condition. An obvious such gauge choice would be the wave gauge D s x a = 
which would lead to a system of wave equations for the components of the two metrics 
g, g' in the given coordinate system. Unfortunately such coordinate system would have 
to be constructed starting with data on M U M_ which requires one to solve the same 
ill posed problem. We rely instead on a pair of geometrically constructed frames v, v' 
(using parallel transport with respect to g and g') and derive ODE's for their difference 
dv — v' — v, as well as the difference dT = T' — T between their connection coefficients, 
with source terms in dR = R' — R. In this way we derive a system of wave equations in dR 
coupled with ODE's in dv, dT and their partial derivatives ddv , ddT with respect to our 
fixed coordinate system. Since ODE's are clearly well posed it is natural to expect that 
the uniqueness results for covariant wave equations derived in [TU], [H] can be extended 
to such coupled system and thus deduce that dv = dT = dR = in a full neighborhood 
of S. The precise result is stated and proved in Lemma 14.41 

In section 2 we construct a canonical null frame which will be used throughout the 
paper. We use the non-expanding condition to derive the main null structure equations 
along J\f and A/\ In section 3 we give a self contained proof of Proposition B.l. in [7] 
concerning the existence of a Hawking vector-field in the domain of dependence of J\fuAf. 
In section 4, we show how to extend K to a full neighborhood of S. We also show that 
the extension must be locally time-like in the complement of the domain of dependence 
of TV U Af_, see Proposition 14.51 In section 5 we prove Theorem 11.21 We first show that if 
T is another smooth Killing vector-field, tangent to M U M_, then it must commute with 
K in a full neighborhood of S. We then construct a rotational Killing vector-field Z as a 
linear combination of T and K. We also show that if <r M is the Ernst potential associated 
with T then K M = Z M a M = 0. These additional results, in the presence of the (stationary) 
Killing vector- field T, are important in the application in [2J. 

Acknowledgements: We would like to thank P. Chrusciel, M. Dafermos and R. 
Wald for helpful discussions and suggestions. 

2. Preliminaries 

We restrict our attention to an open neighborhood of S in which Af, M_ are regular, 
achronal, null hypersurfaces, spanned by null geodesic generators orthogonal to S. During 
the proof of our main theorem and their consequences we will keep restricting our attention 
to smaller and smaller neighborhoods of S; for simplicity of notation we keep denoting 
such neighborhoods of S by 0. 

We define two optical functions u, u in a neighborhood of S as follows. We first fix a 
smooth future-directed null pair (L, L) along S, satisfying 

g(L,L) = g(L,L) = 0, g(L,L) = -l, (2.1) 
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such that L is tangent to Af and L is tangent to Af. In a small neighborhood of S, 
we extend L (resp. L) along the null geodesic generators of Af (resp. Af) by parallel 
transport, i.e. D^L = (resp. D^L = 0). We define the function u (resp. u) along 
Af (resp. AT) by setting w = u = on S 1 and solving L(u) = 1 (resp. L(u) = 1). Let 
Su (resp. S u ) be the level surfaces of u (resp. u) along A/" (resp. AT). We define L 
at every point of Af (resp. L at every point of AT) as the unique, future directed null 
vector-field orthogonal to the surface Su (resp. S_ u ) passing through that point and such 
that g(L, L) = —1. We now define the null hypersurface Af u to be the congruence of null 
geodesies initiating on Su C Af in the direction of L. Similarly we define Af u to be the 
congruence of null geodesies initiating on S_ u C Af in the direction of L. Both congruences 
are well defined in a sufficiently small neighborhood of S in 0, which (according to our 
convention) we continue to call 0. The null hypersurfaces Af u (resp. Af u ) are the level 
sets of a function u (resp u) vanishing on Af_ (resp. Af). By construction 

L = -gTdpudv, L = -g^d^udv. (2.2) 

In particular, the functions u, u are both null optical functions, i.e. 

g^d IM ud u u = g(L,L) = and g^ v d^ud v u = g(L, L) = 0. (2.3) 

We define, 

n = g^d u ud u u = g(L, L). 

By construction Q, = — 1 on (Af U Af) fl 0, but is not necessarily equal to —1 in 0. 
Choosing small enough, we may assume however that Q G [—3/2, —1/2] in 0. 
To summarize, we can find two smooth optical functions u,u : — > R such that, 

7V"n = {p G : u(p) = 0}, A/H0 = G : u(p) = 0}. (2.4) 

and, 

Q, G [—3/2, —1/2] in0. (2.5) 
Moreover, by construction (with L, L defined by (12. 2ft ) we have, 

L(u) = 1 on A/", L(u) = 1 on Af. 

Using the null pair L, L introduced in ( 12. ip . ( 12.2ft we fix an associated null frame ei, e2, e3 = 
L,e 4 = L such that g(e a , e a ) = 1, g(ei, e 2 ) = g(e 4 , e a ) = g(e 3 , e a ) = 0, a = 1, 2. At every 
point p in in 0, ei, e 2 form an orthonormal frame along the 2-surface S UA passing through 
p. We denote by V the induced covariant derivative operator on S UM . Given a horizontal 
vector-field X, i.e. X tangent to the 2-surfaces S Utlk at every point in 0, we denote by 
V3X, V \X the projections of D e3 and D e4 to S U) u- Recall the definition of the null second 
fundamental forms 

Xab = g(De a L, e b ), = g(D eo L, e b ) 

and the torsion 

Ca = g(D ea L, L). 
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Definition 2.1. We say that Af is non- expanding if tr \ — on Af. Similarly Af_ is 
non-expanding if tr \ = on AT. The bifurcate horizon (S, Af, Af) is called non-expanding 
if both Af, Af are non- expanding. 

The assumption that the surfaces Af and Af_ are non-expanding implies, according to 
the Raychadhouri equation, 

X = OonjVn0 and Y_ = OonA/;n0. (2.6) 

In addition, since the vectors ei,e2 are tangent to (Af U Af) fl and g(L, L) = —1 on 
(Af U AQ fl 0, we have (a = ~g(D ea L, L) on (Af U AQ n 0. Finally, it is known that the 
following components of the curvature tensor R vanish on Af and Af , 

R 4 a46 = R434& = on Af and R 3a36 = R 343b = on Af, a, 6 = 1, 2. (2.7) 

Let, see [4], [H], a ab = R 4a 4f>, Pa = Ra434, P = R3434, er = *R 3434 , fj^ = R a334 and 
a ab = R a3 6 3 denote the null components of R. Thus, in view of ( 12.71) the only non- 
vanishing null components of R on S are p and a. Since [e a ,e 4 ](;u) = on Af fl 0, it 
follows that g([e a , e 4 ], e 3 ) = on A/" fl 0. Using D^L = 0, (12.61) . and the definitions, we 
derive, on Af fl 0, 

2 

D e4 e 4 = 0, D 6a e 4 = -C a e 4 , D e4 e 3 = - } j ( b e b , D e4 e a = V e4 e a - C a e 4 , 

(2.8) 

D ea e 3 = x^eb + ( a e 3 , D 6a e fe = V ea e fe + x afc e 4 . 

b=l 

Lemma 2.2. T/ie null structure equations along Af (se^ Proposition 3.1.3 in [Hjj reduce 
to 

V 4 C = 0, curlC = 0; L{trx) + div(-\(\ 2 = p. (2.9) 
Also, if X is an horizontal vector, 

[V 4 ,VJX 6 = 0. 

As a consequence we also have, 

Vi(div C) = 0. (2.10) 

Proof of Lemma [HE Indeed, 

g(D 4 D a L, e 4 ) - g(D a D 4 L, e 4 ) = R(e a , e 4 , e 3 , e 4 ) = /3 a 

and, using ([2liD, g(D a D 4 L, e 4 ) = L 4;4a = 0, g(D 4 D a L, e 4 ) = L 4;a4 = -V 4 Ca- Hence, 
since (3 vanishes along Af, we deduce V4C = 0. Also, 

g(D 4 D fe L, e a ) - g(D b D 4 L, e a ) = R(e a , e 3 , e 4 , e b ) = ^ 7ab p - ^ e a6 cr 

3 The discrepancy with the corresponding formula is due to the different normalization for L, i.e. 
g(£> L) = —1 instead of g(L, L) = — 2 . 
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and, g(D 4 D 6 L,e a ) = I^. M = V 4 X afc - 2CaO>, #(D 6 D 4 L, e a ) = L a;4b = -V fc Ca - CaC&- 
Hence, 

Taking the symmetric part we derive, V 4 tr% — |£| 2 + div ( = p while taking the an- 
tisymmetric part yields, curl( = a as desired. To check the commutation formula we 
write, 

D 4 D a X b = e 4 (D a X fe ) — D D4ea X fe — D a X D46i) 

= e 4 (VfeX a ) — D V4 e a Ii + (aD^Xb — D a Xv 4ea + £ fe D a X 4 
= V 4 V a X 6 + CaV 4 X 6 

D a D 4 X 6 = e a (D 4 X fe ) — D Dae4 X b — D 4 X Da6i; 

= e a (D 4 Xb) — Dv a e 4 Xfe + £ a D 4 Xfr — D 4 Xv a e 6 

= V a V 4 X 6 + CaV 4 X fe 

Therefore, 

[D 4 ,D a ]X fe = [V 4 ,V a ]X b . 

On the other hand, [D 4 , DJX& = R a4c (,X c = in view of the vanishing of (3 and the 
Einstein equations. □ 

We define the following four regions I ++ , I , J + ~ and 

I++ = { p g : u(p) > and u(p) > 0}, I~~ = {j)6 0: u(p) < and u(p) < 0}, 

/+- = { p g : u(p) > and u(p) < 0}, I~ + = {p G : u(p) < and «(p) > 0}. 

(2.11) 

Clearly I ++ , I coincide with the causal and future and past sets of S in 0. 

3. Construction of the Hawking vector-field in the causal region 

We construct first the Killing vector-field K in the causal region I ++ U I . 

Proposition 3.1. Under the assumptions of Theorem \l.l\ there is a small neighborhood 
of S , a smooth Killing vector-field K in fl U / ) such that 

K = uL-uL on(A/"UAQn0. (3.1) 

Moreover, in the region fl (/ ++ U / ) where K is defined, [L, K] = — L. 

The rest of this section is concerned with the proof of Proposition 13.11 The first part of 
the proposition, which depends on the main assumption that the surfaces M and J\f_ are 
non-expanding, is well known, see [7J Proposition B.l.]. For the sake of completeness, we 
provide its proof below. 
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Following [7j we construct the smooth vector-field K as the solution to the characteristic 
initial-value problem, 

□ g K = 0, K = uL-uL on (WuAQ n 0. (3.2) 

As well known, see (18] , the characteristic initial value problem for wave equations of type 
(13. 3p is well posed. Thus the vector-field K is well-defined and smooth in the domain of 
dependence of Af U J\f_ in 0. Let ir a p = ( K >ir a p = D a Kg + D^Kq,. We have to prove that 
7r = in a neighborhood of S intersected to I ++ U / . It follows from (13.21) . using the 
Bianchi identities and the Einstein vacuum equations, that 7r verifies the covariant wave 
equation, 

□g7I"a/3 = 2R M Q , / 3 i/ 7T^. (3.3) 

In view of the standard uniqueness result for characteristic initial value problems, see 
[IS] , the statement of the proposition reduces to showing that 7r = on (A" U AT) fl 0. 
By symmetry, it suffices to prove that ir = on A" fl 0. The proof relies on our main 
hypothesis, that the surfaces M and M_ are non-expanding. 

Since K = uL on A" fl is tangent to the null generators of A/", it follows that 

D 4 K 3 = -1, D 4 K 4 = D a K 4 = D 4 K a = D a K fo = 0, a, b =1,2. (3.4) 

Thus, on A" H 

vr 44 = 7r a4 = n ab = a, b = 1, 2. (3.5) 

To prove that the remaining components of ir vanish we use the wave equation D g K = 0, 
which gives 

2 

DsD.K^ + D.DsK^^D.DJ^ onA"n0. 

a=l 

Since D 3 D 4 K M - D^K^ = R 3 ^ U K U on A"n (using (}277j) ). we derive 

2 

2D 4 D 3 K M = D a D a K M - R^K", \i = 1, 2, 3, 4, on A" n 0. (3.6) 

a=l 

We set first /i = 4. It follows from (1574]) that D 4 D 3 K 4 = 0. In addition, D 3 K 4 = 1 on 
S (the analogue of the first identity in (13.41) along the hypersurface AT). Using (I2.8P and 
(l374j) . D 4 D 3 K 4 = L(D 3 K 4 ). Thus D 3 K 4 = 1 on A", which implies 

tt 34 = on A". (3.7) 

We use now the equation (13.61) with n = a E {1,2} to calculate P a := 7r a3 along Af. It 
follows from (JSTJ) and (J2ZD that D a D b K c = 0, a, b, c = 1, 2, and R 34ai/ K I/ = on A". A 
simple computation shows that D a K 3 = u( a , thus P a = D 3 K a + u( a . Thus, using (12.81) . 
D 3 K 4 = 1, and DbK c = on Af, we derive 

= K fe;34 = e 4 (K fe;3 ) — K De4ef) . e3 — K ei) . De4e3 = e 4 (P fe — u( b ) — K^ 4£b . e3 + ( b K e4 . e3 

= V 4 (P b - uCb) +(b = V 4 P b - uViC b . 
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Thus 

V 4 P a = «V 4 Ca Oil M. 

On the other hand, along A/", C verifies the transport equation, 

V 4 Ca = — Ra434 = 0. 

Therefore, along M, 

V 4 P Q = 0. 

Since P a = 7r a3 = on S it follows that 

vr a3 = on M. (3.8) 
Similarly, denoting Q = 7r 33 = 2D 3 K 3 , we have, according to ( 13.61) with p = 3, 



D 4 D 3 K 3 = ^(^D a D a K 3 - P M), p = R 3434 . (3.9) 

a=l 

Now, since we already now that 7c 3 b vanishes on J\f, 

2 

I 

K 3;34 

z 

b=l 

On the other hand, using ( 12.8}) . K 3;4 = — 1, K a; 6 = 0, and K 3;a = u( a 

K 3;a6 = e b (K 3;a ) - K e3;De(jea - K Defce3;ea 
= d b {uQ - X h „ K 3;4 - CfoK 3;a 



1 2 1 

e 4 (K 3;3 ) - K De4e3;e3 - K e3;De463 = -e 4 (Q) + ^ tofe = ~e 4 (Q). (3.10) 



—ba 

db{u(a) +X ba ~ U(a(b, 



thus 

2 

^D a D a K 3 =n(d^C-|C| 2 )+trx. (3.11) 

a=l 

Therefore, equation (13.91) takes the form 

HQ) = trx + u(d^C-|C| 2 -p)- (3.12) 
On the other hand we have the following structure equation on J\f, 

L(trx) + div(-\(\ 2 -p = 0. (3.13) 
Thus, differentiating (13.121) with respect to L and applying (13. 13[) we derive, 

HHQ)) = Htrx) + (dtvC-\C\ 2 -p) + umvC-\C\ 2 -p) 

= -div C + Id 2 + P+ (div C - |C| 2 - p) + uL(div c - icr - p). 
Using null structure equations, it is not hard to check that 

L(div() = L(|C| 2 ) = L(p) = along Af. (3.14) 
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Indeed, the last identity follows from (12.71) and [HJ Proposition 3.2.4]. The identity 
L(|C| 2 ) = follows from the transport equation V 4 Ca = 0. Therefore, 

L(L(Q)) = along M. 

Since L(Q) = on S (using again ( l3~T2l) restricted to S where both tr% and u vanish), 
we infer that L(Q) = along Af . Since Q = on S we conclude that Q = along Af as 
desired. Thus 7r 33 = 0, as desired. 

The second part of the proposition, [L, K] = — L in a neighborhood of S in I ++ U I , 
follows from the identity, 

T> L W = -T> W L where W = [L, K] + L = -£ K L + L, 

and the vanishing of W on A/" PI 0. To prove the identity we make use of the fact that £k 
commutes with covariant differentiation. In particular, if K is Killing and X, Y arbitrary 
vector-fields then, 

C K (D X Y) = n x (C K Y)+B CKX Y. (3.15) 

Therefore, 

DlW = B L (-C K L + L) = -BlC k L = C k (BlL) + -D { c k l)L = -B W L. 

as stated. It remains to prove that 

W = [L,K] + L = onjVn0. (3.16) 

Since K = uL on N C\ 0, this is equivalent to 

D 3 K M -uD 4 L A4 +L^ = OonjVn0, ^ = 1,2,3,4. (3.17) 

We check (13.171) on the null frame ex, e^, e^= L,e 4: = L defined earlier. The identity (13.171) 
follows for ft = a = 1, 2 since D 3 K a = — D a K 3 = -u( a , D 4 L a = g(e a , D e4 e 3 ) = -C a (see 
(12. 8p ). and L a = 0. The identity also follows for fi = 3 since D 3 K 3 = 7r 33 /2 = (in 
view of Proposition 13. II) . D 4 L 3 = g(e 3 ,D e4 e 3 ) = (see (12.81) ). and Lg = 0. Finally, for 
= 4, D 3 K 4 = -D 4 K 3 = 1 (see (J33D), D 4 L 4 = g(e 4 ,D e4 e 3 ) = 0, and L 4 = -1. This 
completes the proof of the proposition. 

4. Extension of the Hawking vector-field to a full neighborhood 

In the previous section we have defined our Hawking vector-field K in a neighborhood 
of S intersected with I ++ U I . To extend K in the exterior region J + ~ U / h we 
cannot rely on solving equation (13. 2ft ; the characteristic initial value problem is ill posed 
in that region. We need to rely instead on a completely different strategy, sketched in 
the introduction. We extend K by Lie dragging it relative to L and show that, for small 
\t\, \l/jg must coincide with g, where = ^t,K. is the flow generated by K. We show 
that both metrics coincide on JV U Af and, since they both verify the vacuum Einstein 
equations, we prove that the must coincide in a full neighborhood of S. 

To implement this strategy we first define the vector-field K' by setting K' = uL on 
Af (1 and solving the ordinary differential equation [L,K'\ — — L. The vector-field K' 
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is well-defined and smooth in a small neighborhood of S (since L 7^ on S) and coincides 
with K in I ++ U I in 0. Thus K := K' defines the desired extension. This proves the 
following. 

Lemma 4.1. There exists a smooth extension of the vector-field K (defined in Proposition 
\3.1\) to an open neighborhood of S such that 

[L,K\ = -L m@. (4.1) 

It remains to prove that K is indeed our desired Killing vector-field. For \t\ sufficiently 
small, we define, in a small neighborhood of S, the map ^>t = ^t,K. obtained by flowing a 
parameter distance t along the integral curves of K. Let 

g* = *t*(g)- 

The Lorentz metrics g* are well-defined in a small neighborhood of S, for \t\ sufficiently 
small. To show that K is Killing we need to show that in fact g* = g. Since K is tangent 
to (AfUAf) fl and is Killing in I ++ U I , we infer that g* = g in a small neighborhood 
of S intersected with I ++ U I . In view of the definition of K (see ( 14.11) ). 

= hm *t- h L-*iL = (lim **_ h L- nL , = _^ {CkL) = _ %L , 

dt *- h^o -h tK h^o h ' tK 1 * — 

We infer that, 

%L = e- t L. 

Now, given arbitrary vector-fields X, Y, we have D^ t y* = $j(DjfF) where D* denotes 
the covariant derivative induced by the metric g* = and X 1 = ^/*X, Y t = ^*Y. In, 
particular = D* Lt J} = e" 2 *D* L L. This proves the following. 

Lemma 4.2. Assume K is a smooth vector-field verifying ( 14.1 j) and D* the covariant 
derivative induced by the metric g* = ^* t g. Then, 

D* l Ll — in a small neighborhood of S. 

To summarize we have a family of metrics g* which verify the Einstein vacuum equations 
Ric(g*) = 0, g* = g in a small neighborhood of S intersected with I ++ U I , and such 
that D'^L = 0. Without loss of generality we may assume that both relations hold in 0. 
Thus Theorem 11.11 is an immediate consequence of the following: 

Proposition 4.3. Assume g' is a smooth Lorentz metric on 0, such that (0, g') is a 
smooth Einstein vacuum space-time. Assume that 

g' = g in (/ ++ ur _ )n0 and D' L L = in 0, 

where D' denotes the covariant derivative induced by the metric g'. Then g' = g in a 
small neighborhood & C of S. 
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As explained in the introduction, this proposition was first proved in pQ. We provide 
here a more direct, simpler proof, specialized to our situation and based on the uniqueness 
result in Lemma 14.41 below. That lemma is an extension of the uniqueness results proved 
in [10] to coupled systems of covariant wave equations and ODE's. The motivation for 
the proof below was given in the introduction. 

Proof of Proposition It suffices to prove the proposition in a neighborhood 0(xq) of 
a point Xq in S in which we can introduce a fixed coordinate system x a . Without loss of 
generality we may assume that 

6 

g i3 -(z ) = diag(-l, 1,1,1), sup £)|#g(z)| <A, (4.2) 

x€0(x o ) j_q 

with |(9 J g| denoting the sum of the absolute values of all partial derivatives of order j for 
all components of g in the given coordinate system. We may also assume, for the optical 
functions u,u introduced in section 2, 

sup {\d J u{x)\ + \&u(x)\) <d = Ci{A) for j = 0, . . . ,4. (4.3) 

x£0(x o ) 

In the rest of the proof we will keep restricting to smaller and smaller neighborhoods of 
x ; for simplicity of notation we keep denoting such neighborhoods by 0(x o ). 

Consider now our old null frame vm = e^, Vm) = e 2 , = L, vu) = L on Nc\0{xq) and 
define the vector-fields v^, U( 2 ) ,f(3), f(4) = L and f'(i), v'(2), ^'(3); v '(i) — Ll by parallel 
transport along L: 

D L^(a) = and u (o ) = v a on N H 0{x o ); 

D W(a) = and V '(a) = V a On Af H 0(x o ). 

The vector-fields U( ) and t>'( a ) are well-defined and smooth in 0(xq). Let g( a )(&) = 
g(w(a), «(&)), g( a )( 6 ) = g'K(a) , «'(&)) • The identities D^( a) = D^f'( a ) = show that 
£(g(a)(b)) = ^(g( )( 6 )) = 0. Since g (a)(6) = g' (o)(6) along A/" it follows that 

g(a)(6) = g(a)(6) : = V)(&) and £(/l( a )(6)) = in 0(x o ). (4.4) 
For a, b, c = 1, ... 4 let 

r (a)(6)(c) = g(U(o), D » (c) «(6))> r (a)(fe)(c) = S'W(a), D^l/p)), 

(dv) (o )( 6 )( C ) = r' (a)(b)(c) - r (a)(6){c) . 

For a,b,c,d— 1, . . . , 4 let 

R-(a)(6)(c)(d) = R-(^(a),^(b),^(c),^(<i)), R'(a)(6)(c)(d) = R'(v '( a ) , u'( b ) , v\ c ) , V \ d )) , 

(dR)(a)(b)(c)(d) = R'(a)(6)(c)(d) ~ R(a)(6)(c)(d)- 
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Clearly, T^^a) = r'r a \r b \u\ = 0. We use now the definition of the Riemann curvature 
tensor to find a system of equations for L[(dT)( )(&)(c)]- We have 

R(a)(&)(c)(<i) = g(^(a),D W(c) (D V(£i) t) (6) ) - D„ M (D t , (B) V( 6 )) - D^^jt^)) 

= g(« Wl D^(gW% WM fl ( ^ - g(« ( .),D BW (g( m )Wr (m)(6)(c) t; (B) )) 

+ g (m)(n) r(a)(b)(n)(r( m )( c )(d) - r( m )(d)( c )) 

= %)(r (a )(6)(d)) - u( < o(r(o)(6)( C )) + g (m)(n) r (a )(;,)( n )(r( m )( C ) {d) - r (m){d )( c) ) 

+ g(a)(n)[r( m )(6)( d )^( C )(g M(n) ) - r (m)(6)(e) « ((0 (g^W)] 

+ g (m)(n) ( r (m)(6)(d)r( a )( n )( C ) - r (m ) (6 ) (c )r (a ) (n ) (d )). 

We set d = 4 and use r (a ) W{4 ) = v ( 4 )(g (a){6) ) = and gWW = /i^W; the result is 

£(r( )(&)( C )) = -/i (m)(n) r( a )( 6 )( n )r (m) ( 4) ( c) -R( a )(6)( C )(4)- 

Similarly, 

^(r'( a )(6)( C )) = -/i (m)( " ) r'( a )(fe)(n)r'( m )(4)( c ) - R'( ) (6) (c)(4) • 

We subtract these two identities to derive 

L[(dr) {a)mc ))} = ^(dOMWW - (dH)(.) W (c)« (4-5) 

for some smooth function Wf. This can be written schematically in the form 

L(dT) = A^oo(^r) + MooidR). (4.6) 

We will use such schematic equations for simplicity of notation^. 
For a,b,c = 1, . . . , 4 and a = 0, . . . , 3 we define 

(0dr)a(a)(&)(c) = da[(dr)(a)(&)(c)]; 
{ddR) a (a)(b){c)(d) = da[(dR)( a )(b)(c)(d)], 

where d a are the coordinate vector- fields relative to our local coordinates in 0(xq). By 
differentiating (14. 6p . 

L(ddT) = Moo(dT) + Moo(ddT) + Moo(dR) + M^ddR). (4.7) 

Assume now that 

v\ a ) - = (dv)? a) d a , (dv)f a) = v' a {a) - Vfa, 

are the representations of the vectors V( a ), v\ a ), and v\ a ) — ^(a) m our coordinate frame 
{d a } a =o,...,3- Since [v (4),f(&)] = -D W(i) v (4 ) = -r( c \ 4)(fe) v (c) , we have 

«&)Sa(<)) -^)^(<4)) = -r (a )(4)(6)< c) g (0)(c) . 



In general, given B = (B U ... B L ) : 0{x o ) -> R L we let -M^B) : 0(x o ) -> K L ' denote vector-valued 
functions of the form Moo(B) v = S/=i A\,Bi, where the coefficients A\, are smooth on 0(xq). 
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Similarly, 

V {4) O a [V (b) ) - V {b) O a (V {4) ) - -1 (a)(4)(6)« ( c )g 

We subtract these two identities to conclude that, schematically, 

L{dv) = Moo{dY) + Moo{dv). (4.8) 

As before, we define 

(ddvf a[b) = d a [(dv)P b) ). 

By differentiating (14.81) we have 

L(ddv) = Moc(dT) + Moo(ddT) + M^dv) + M^ddv). (4.9) 
Finally, we derive a wave equation for dR. We start from the identity 

(□ g R)( a )(6)( c )(d) - (□ g 'R')(a)(6)( C )(d) = Moo(dR) } 

which follows from the standard wave equations satisfied by R and R' and the fact that 

g (m)(n) = g/M(n) = ^(m)(n)_ Wg algo naye 

D( m )R( a )(6)( c )(d) — D'( m )R / ( a )( fe )( c )( d ) 
= A^oo(^) + A-loo(rfr) + A^oo(rfR) + MooiddK). 
It follows from the last two equations that 

g (m)(ri) ^(n)(^(m)(R(a)(b)(c)(d))) - g' ™ ( ™ u'(n) (V(m) (R'(a)(6)(c)(d) )) 

= TWoo(^) + ^oo(rfr) + TWoo(^r) + M^dR) + M^ddR). 
Since g( m )W = g'( m )W it follows that 

g (m)(n) ^(„)(^M((^)(a)( b )(c)(d))) 

= TWoo(^) + -Moo(<9cfc) + 7Woo(c/r) + MooiddT) + M^dR) + M^ddR). 

Thus 

□ g (di2) = -Moo(du) +-Moo(9du) +M 00 (dT) + M^ddT) + M^dR) +M 00 (ddR). (4.10) 

This is our main wave equation. 

We collect now equations KM . K7h . (Oil . (Oj) . and (ODjl : 

L(dT) = M 0O (dr)+A< 0O (di2); 

L(<9dr) = TWoo(rfr) + A^oo(^r) + M^dR) + Moo(ddR); 
L(dv) = Moo{dv) + MooidT); 

L(ddv) = M^dv) + M^ddv) + M^dT) + A^ddT); 

□ g (di2) = M^dv) + A^oo(^) + 7Woo(c/r) + MniddT) + M^dR) + M^ddR). 

(4.11) 

This is our main system of equations. Since g = g' in I ++ U J , it follows easily that the 
functions dY, ddT, dv, ddv and dR vanish also in I ++ U I . Therefore, the proposition 
follows from Lemma [4.41 below. □ 
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Lemma 4.4. Assume Gi,Hj : 0(xq) — > R are smooth functions, i = 1, j = 
1, . . . , J. Lei C7 = (C7i, . . . , if = (ifi, . . . , if/) ; dG = (d Gi, . . . , c^Gj) and assume 
that in 0(xq), 

L(H) = M 00 (G)+M 00 (dG)+M 00 (H). l ' J 

Assume that G = and H = on (jVU jV) n 0(xo)- Tnen, taere eidsts a smaK neighbor- 
hood &(x Q ) C 0(ar o ) o/xo swca iaai G = and H = in U n 0'(x o )- 

Unique continuation theorems of this type in the case H = were proved by two of the 
authors in [TU] and [TT], using Carleman estimates. It is not hard to adapt the proofs, 
using similar Carleman estimates, to the general case; we provide all the details in the 
appendix. This completes the proof of Theorem 11.11 

We show now that the Killing vector-field K is timelike, in a quantitative sense, in a 
small neighborhood of S in the complement of I ++ U I . 

Proposition 4.5. Let K be the Killing vector-field, constructed above, in a neighborhood 
of S . Then there is a neighborhood 0' C of S such that 

g(K, K) < uu in (/+- U I~ + ) n 0'. (4.13) 

In particular, the vector-field K is timelike in the set & \ U / ). 

Proof of Proposition Since K is a Killing vector-field in 0, we have 

□g(K^K^) = 2D Q (K /3 D a K /3 ) = 2D Q K /3 D Q K /3 = -4 on S. (4.14) 

Indeed, D g K = and it follows from ([33]) that 2D Q K /3 D a K /3 = 4D 3 K 4 D 3 K 4 = -4 on 
S. Since KpK? = on (J\f U AQ n (see lETIjl ). we have K^K^ 3 = uuf on for some 
smooth function / : — > R. Using (14.141) on S 1 and the fact that u = a = on S 1 , we 
derive 

-4 = D a D Q (wf) = 2/D q mD q u = -2f L(u)L(u) = -2f. 
Thus / = 2 on 5, and the bound (I4.13P follows for a sufficiently small 0'. □ 

5. Further results in the presence of a symmetry 

The goal of this section is to prove Theorem 11.21 So far we have constructed a smooth 
Killing vector-field K defined in an open set such that K = uL — uL on (A/" U A£) H 0. 

Assume in this section that the space-time (0, g) admits another smooth Killing vector- 
field T, which is tangent to the null hypersurfaces M and AA. We recall several definitions 
(see |T0l Section 4] for a longer discussion and proofs of some identities). In we define 
the 2- form F a p = D^T^ and the complex valued 2-form, 

Fa/3 = F af} + i *F aP = F af3 + (i/2)e a ^F^. (5.1) 

Let T 2 = T a pT a ^ . We define also the Ernst 1-form 

a, = 2T a F afl = D„(-T°T a ) - % T /3 D 7 T 5 . (5.2) 
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It is easy to check that, in 

B^a u - = 0; 

= -T 2 ; (5.3) 
a^ = g(T,T)^ 2 . 

Proposition 5.1. There is an open set & C 0, S C 0' such that 

[T,K]=Offl0'. (5.4) 

In addition, if = 2T a J-' afl is the Ernst 1-form associated to T (see (15.21) ). then 

K"a„ = in &. (5.5) 

Proof of Proposition \5.1[ We show first that 

[T,K]=0 on(VVuAQn0. (5.6) 

By symmetry, it suffices to check that [T, K] = on Af fl 0. We first observe that [T, L] 
is proportional to L. Indeed, since the null second fundamental form of Af is symmetric 
and T is both Killing and tangent to Af, we have for every X e T(Af), 

g([T,L],X) = g(D T L,X)-g(D L T,X) = g(D T L,X) + g(D x T,L) 
= g(D T L, X) - g(T, B X L) = X (T, X) - X (X, T) = 0. 

Consequently [T, L] must be proportional to L, i.e. [T, L] = f'L. Since T> L L = and T 
commutes with covariant derivatives we derive, 

= £ T (D L L) = D £tL L + D l (£ t L) 
= B fL L + -D L (fL) = L(f)L. 

Therefore 

[T,L] = fL and L(f) = onATn0. (5.7) 

On the other hand, in view of the definition of u we have T(L(m)) — L(T(u)) = fL(u). 
Hence, 

L(fu + T(u)) = 0. 

Since T is tangent to S and u = on S, we deduce that fu + T(u) vanishes on S, thus 

Tu + fu = 0, onA/"n0. 

Now, [T,uL] = T(u)L + u[T,L] = (T(u) + fu)L = 0. The identity (EBJ) follows since 
K = uL on jVfl 0. 

Let V = [T, K] = £ T K on 0. Since D g K = and T is Killing, we derive, after 
commuting covariant and Lie derivatives, 

= £ T (n g K) = D g (£ T K) = n g v. 

Since V vanishes on (jVUTV) fl 0, it follows that V vanishes in (J ++ U / ) fl 0', for some 
smaller neighborhood 0' of S. (due to the well-posedness of the characteristic initial- value 
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problem); it also follows that V vanishes in (J + ~ Li I h ) D0' using Lemma H3 with H = 0. 
This completes the proof of (15.41) . 

We prove now the identity (15. 5p . Since K and T commute we observe that C-^fF = 
in 0. In addition, since D g K = 0, DK is antisymmetric, Da is symmetric with trace 
~D a a a = -T 2 (see Q) and Ric(g) = 0, we have in 

□ g (KV,) = KTJ g( x M = K^(DV a ) = -Lk? 2 = 0. (5.8) 

We show below that the function K^cr^ vanishes on (Af U AT) fl 0. Thus, as before, we 
conclude that K^u^ = in a smaler neighborhood 0', as desired. 

To show that K?ct m vanishes on (Af U AT) fl we calculate with respect to our null 
frame L = e 4 , L = e^, ei, e-i defined in a neighborhood of S. Since T is tangent to Af, 



for a = 1, 2 we have F a4 = e a (g(T, e 4 )) - g(T, D 6a e 4 ) = along Af (since D 6a e 4 = -C a e 4 , 
see (E3D). Similarly, F a3 = along AA. Thus 

JF 14 = JF 24 = on Af n and .F 13 = ^23 = on M_ n 0. (5.9) 

Since K = we 4 — ue 3 on (A/ - U AT) fl 0, we infer that, 

= 2K»T a F afl = on (AT U AQ n 0, (5. 10) 

as desired. □ 



Proposition 5.2. There is a constant Ao G R and an open neighborhood 0' C 0/ S' 
sitc/i i/iai t/ie vector-field 

Z = T + A K 

/jas periodic orbits in 0'. In ot/ter words , there is to > stzc/i t/iat ^i ,z = Id in 0'. 

This completes the proof of Theorem 11.21 Observe that the main constants Ao and 
to can be determined on the bifurcation sphere S. We show below that Proposition 15.21 
follows from the following lemma. 

Lemma 5.3. There is a constant to > such that ^t ,T — Id in S . In addition, there is 
a constant Xq G R and a choice of the null pair (L, L) along S (satisfying (12. ip ) such that 

[T,L] = X L and [T,L] = -\ L on S. (5.11) 

Proof of Proposition I5.M It follows from (15.71) and (15.111) that 

[T,L] = X L onA/"n0 and [T,L] = -X L onATn0. (5.12) 

Thus, using the identity \L, K] = — L in Proposition 13.11 

[Z,L] = [T + A K,L] = onATn0. 

Since Z is a Killing vector- field, it follows as in the proof of Proposition 13.11 (see (13.151) ) 
that 

[Z,L] = in0. 

An argument similar to the proof of (I3.16P shows that [L, K] — L = on Af fl 0. Using 
the first identity in f[5TT2]) . it follows that [Z, L] = on Af n 0. Since Z is a Killing 
vector-field, it follows as in Proposition 13.11 that [Z, L] = in 0. 
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The conclusion of the proposition follows from the first claim in Lemma 15.31 and the 
identities [Z, L] = [Z, L\ = in 0. □ 

Proof of Lemma \5.3[ The existence of the period t is a standard fact concerning Killing 
vector-fields on the spheral In particular all nontrivial orbits of S are compact and 
diffeomorphic to S 1 . To prove (15. lip , in view of (15. 7p it suffices to prove that there is 
Ao G f and a choice of the null pair (L, L) on S such that 

g([T,L],L) = -A , g([T,L],L) = A on S. 

Both identities are equivalent to 

T a L^ a L p - L a Lf~D a Tp = -A , 

which is equivalent to 

A = F 43 -g(C,T). 

We thus have to show that there exist a choice of the null pair e 4 = L, e 3 = L along S 
such that the scalar function below is constant along S, 

:=F 43 -g(C,T). (5.13) 

Under a scaling transformation e 4 = /e 4 , e' 3 = f~ l e% the torsion ( changes according to 
the formula, 

C' = C-viog/. 

Therefore, in the new frame, 

H' = F m , - g(C, T) = F 43 - g(C, T) + T(log f) = H + T(log /) 

Consequently, we are led to look for a function / such that H + T(log/) is a constant. 
Taking H to be the average of H along the integral curves of T and solving the equation 

T(log/) = -H + H, (5.14) 

it only remains to prove that H is constant along S. 
Since T is Killing we must have, 

D Q D/?T 7 = T A R Aa/ 3 7 (5.15) 

Using (I5.15P and the formulas (12.81) on S we derive, 



T A R Aa43 = D a D 4 T 3 = e a (D 4 T 3 ) = e a (F, 



13/ 



Thus, since T is tangent to S and T fe R{, a43 = \ <E a b T b o~ (with a = *R, 



1-3434 ) 



e a (F 43 ) = T^R^^G^TV (5.16) 

In particular, the function H defined in (15.131) is constant on S if T = on S. Thus we 
may assume in the rest of the proof that the set A = {p G S : T p = 0} is finite. 



5 If T = on S then any value of to > is suitable. In this case, the conclusion of Proposition 15.21 is 
that T + A K = in 0' for some A £ M. 
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On the other hand, writing V a (b — V^Ca =£ab curl(, 

e a g(C, T) = V a ( b T b + ( b V a T b = (W a C b - V b QT b + ( b V a T b + V T Ca 
= e ab curl (T b + C b V a T b + V T Ca 



The torsion ( verifies the equation, 



Therefore, 



curlC = ^a, (5-17) 



e a g(C,T) = i e ab TV + ( b V a T b + V T Ca. (5.18) 



Since H = F 43 — (T we deduce, 

e a (H) = -( b V a T b - V T Ca- (5.19) 
Consider the orthonormal frame ei, e2 on 5 \ A, 

e^X^T, X 2 = g(T,T). 
Since ei(X) = and e\ = X _1 T, we have 

V T e 2 = —F\2&\- 
We claim that, with respect to this local frame, 

V 2 (tf) = -T(C 2 ). (5.20) 

Indeed, 

V 2 (if) = -C'VaTx-C'VaTa-g^TCea) 
= -C 1 i 71 2i-Tg(C,e 2 ) + g(C,V T e 2 ) 
= -Tg(C,e 2 )- ^21-^12 
= -T(C 2 ) 

We now fix a a non-trivial orbit 70 of T in S \ A. Consider the geodesies initiating on 
7o and perpendicular to it and the corresponding afline parameter. More precisely we 
choose a vector V on 70 such that g(V, V) = 1 and extend it by parallel transport along 
the geodesies perpendicular to 70. Then choose <fi such that V((f>) = 1 and = on 70. 
This defines a system of coordinates t, <fi in a neighborhood U of 70, such that 8t = T, 
Vd <90 = in U and g(d t , 8$) = 0, g(8 ( f > , 8$) = 1 on T . Since 8 t is Killing we must have 
X 2 = —g(d t ,d t ) and g(8 ( j >: d ( j ) ) independent of t. Moreover, 

d g(d t , 84) = g(V 9 ^t, 8^) + g(8 t , Va <9 ) = g(V 9t ^, fy) = ^ t g(^, fy) = 0. 
Hence, since g(9 t , c^) = on T we infer that g(9 t , 8$) — in [/. Similarly, 

fyg(fy, ^) = 2g(V a fy, fy) = 
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and therefore, g(c^,, d^) — 1 in U. Thus, in U, the metric g takes the form, 

d(j) 2 + X 2 ((f))dt 2 (5.21) 

Therefore, with T = dt, e-2 = we deduce from (15.201) . everywhere in U, 

d <t> H = -d t g(C,d <t> ) (5.22) 

Thus, integrating in t and in view of the fact that the orbits of d t are closed, we infer that 
H is constant along S, as desired. □ 

Appendix A. Proof of Lemma 14.41 

We will use a Carleman estimate proved by two of the authors in [10], Section 3] , which 
we recall below. Let 0(x o ) a coordinate neighborhood of a point x G S and coordinates 
x a as in (14.21) . We denote by B r = B r (x ), the set of points p G 0(x o ) whose coordinates 
x = x a verify \x — £o| < r, relative to the standard euclidean norm in 0(xq). Consider 
two vector-fields V = V a d a , W = W a d a on 0(xq) which verify, that, 

i 



sup ^2(\&>V(x)\ + \&W(x)\) < A, (A.l) 

zG0(aio) j =0 

where A is a large constant (as in (14.21) ). and |c^V(:r)| denotes the sum of the absolute 
values of all partial derivatives of order j of all components of V in our given coordinate 
system. When j = 1 we write simply |9V(a;)|. 

Definition A.l. A family of weights h t : B e w M. + , e G (0,ei), ei < A~ x , will be called 
V -conditional pseudo-convex if for any e G (0, ei) 

4 

h e (x ) = e, sup £y|3»'/i e (a0| <e/e u \V(h e )(x )\ < e 10 , (A.2) 

D a / ie (x )D /3 /i e (a;o)(D Q / ie D /3 / ie - eB a Bph e ) (x ) > e\, (A.3) 
and there is \i G [— ef , e^ 1 ] such that for all vectors X = X a d a at Xq 
e?[(X 1 ) 2 + (X 2 ) 2 + (X 3 ) 2 + (X 4 ) 2 ] 

< X a X p { maP - n a -Dph e )(xo) + e~ 2 (\X a V a (x )\ 2 + \X a T> a h e (x )\ 2 ). 
A function e t : B e io — > K will be called a negligible perturbation if 

sup \d j e e (x)\ < e 10 for j = 0, . . . , 4. (A.5) 

Our main Carleman estimate, see [TUJ Section 3], is the following: 

Lemma A.2. Assume ei < A -1 , {/i e } ee (o, ei ) is a V -conditional pseudo-convex family, 
and e e is a negligible perturbation for any e G (0, €%]. Then there is e G (0, ei) sufficiently 



(A.4) 
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small ( depending only on e\ ) and C e sufficiently large such that for any A > C e and any 
0eCg°(B e io) 

A||e- A/ ^|| L 2 + We-^ld^l \\ L 2 < CA-^e-^n^ + e^lle-^VmL^ (A.6) 
where f e = ln(h e + e e ). 

We will only use this Carleman estimate with V = 0. In this case the pseudo-convexity 
condition in Definition IA.1I is a special case of Hormander's pseudo-convexity condition 
P, Chapter 28]. We also need a Carleman estimate to exploit the ODE's in ( 14.12ft . 

Lemma A. 3. Assume e < A^ 1 is sufficiently small, e e is a negligible perturbation, and 
h e : B e io — > R + satisfies 

2 

h £ (x ) = e, sup ^'|<9^ e (x)| < 1, \W(h e )(x )\ > 1. (A.7) 

Then there is C e sufficiently large such that for any A > C e and any (j) £ C^°(B t io) 

\\e- Xf ^\\ L 2 < 4A- 1 ||e- A/ ^(0)|| L2 , (A.8) 

where f e = ln(/i e + e e ). 

Proof of Lemma \A.SH Clearly, we may assume that is real- valued and let ip = e~ x ^<p £ 
Co°(B e io). We have to prove that 

< 4||A- 1 ^(^) + W(f e )i/>\\v. (A.9) 

By integration by parts, 



e io 



[W(f e )^] 2 dfx - (2A)- 1 / i? ■ B a (W(f e )W a )dfi. 

Jb, 10 



In view of OA .70 and the assumption (lA.ip 

|W(/ e )| > 1 and \B a (W(f e )W a )\ < C e in B eW , 
provided that e is sufficiently small. Thus, for A sufficiently large, 

[A- 1 ^) + W(fM ■ W(f e )1> dfx > ~ [ [W(f e )^] 2 

B e io 1 JB el0 

and the bound (1A.9|) follows. □ 



Proof of Lemma \4-4\ It suffices to prove that G = and H = in I~ , for some c 
sufficiently small. We fix xq £ S and set 

h £ = e~ 1 {u + e){-u + e) and e e = e 10 A^°, (A.10) 
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where u, u are the optical functions defined in section [2] and N Xo (x) = \x — x \ 2 = 
^ a=0 1 2 3 \x a — Xq | 2 , the square of the standard euclidean norm. 

It is clear that e e is a negligible perturbation, in the sense of (1A.5I) . for e sufficiently 
small. Also, it is clear that h e verifies the condition (1A.7I) . for e sufficiently small and 
W = 2L. 

We show now that there is ex = t\{A) sufficiently small such that the family of weights 
{/i e } ee (o, ei ) is O-conditional pseudo-convex, in the sense of Definition IA.1I Condition flA.20 
is clearly satisfied, in view of the definition and (14.31) . To verify conditions (jA.30 and 
flA.4j) . we compute, in the frame ei, e2, e^, defined in section (2J 

e x {h e ) = e 2 (h e ) = 0, e 3 (h £ ) = -ft(l - e^u), e 4 (h e ) = Q(l + e~ x u) (A.ll) 

in B e w(xo), and 

(D 2 /i e ) ab = 0(1), (B 2 h e ) 3a = 0(1), (D 2 /i e ) 4a = 0(l), a, 6 = 1,2, 

(D%) 33 = 0(1), (D 2 /^ = 0(1), (D 2 / ie ) 3 4 = -fiV 1 + 0(l) ( ' } 

in 5 e io(xo), where 0(1) denotes various functions on B e w(xo) with absolute value bounded 
by constants that depends only on A. Thus 

B a h e (x )-D^h e (x )(B a h t B (3 h t - eD a D^/i e )(x ) = 2 + eO(l). 

This proves (1A.3j) if ei is sufficiently small. Similarly, if X = X a e a then, with /i = e x ^ 2 
we compute 

X a X^(//g a/3 - D Q D^ e )(xo) + e- 2 |X a D Q /i £ (x )| 2 



^((X 1 ) 2 + (X 2 ) 2 ) + 2( e - x - ^)X 3 X 4 + e - 2 (X 3 - X 4 ) 2 + 0(1) J](X C 



> (/i/2)((X^) 2 + (X 2 ) 2 ) + (6-72)((X 3 ) 2 + (X 4 ) 2 ), 

provided that E\ is sufficiently small. This completes the proof of (1A.4D . 

It follows from the Carleman estimates in Lemmas IA.2I and IA. 31 that there is e = e(A) G 
(0, c) (where c is the constant in Lemma I4.4p and a constant C = C(A) > 1 such that 

A||e- A/ ^|| i2 + We-^ld^l \\ L 2 < CX-^We-^ U^\\ L ^ 
\\e- Xf ^\\ L 2 <CX- l \\e- x f<L{<t>)\\ L >, 

for any G C^°(B e w(x )) and any A > C, where f t = ln(/t e + e e ). Let r] : M — ► [0, 1] 
denote a smooth function supported in [1/2, oo) and equal to 1 in [3/4, oo). For 5 G (0, 1], 
i = 1, . . . , J, j = 1, . . . J we define, 

Gf = O, ■ l Jo+ - • T)(-uu/6) • (1 - ^(X^/e 20 )) = d • % e 
#f = ^ • l /c+ - • • (1 - ^(X^/e 20 )) = Hi ■ rj s>e . 
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Clearly, Gf e ,Hf e e C$°(B e ia(x ) n E). We would like to apply the inequalities in illl 

to the functions Gf e , Hj' e , and then let 5 — > and A — > oo (in this order). 
Using the definition flA. 14|) . we have 

□gGf = rj s , e ■ D g G t + 2B a G t ■ B a r} Si£ + G, ■ n s rj s , e , 



L(Hf e ) = vs,e ■ L{Hj) + Hj ■ L{Vs,e). 



Using the Carleman inequalities ( 1A.13I) . for any i — 1, . . . , I, j — 1, . . . , J we have 
A ■ ||e- A/t • w, e Gi\\v + \\e- Xf <- ■ rfg^Gil \\& < CX~ 1/2 ■ \\e- Xf <- ■ ^ e U s Gi\\ L 2 



+ C 



\e~ x ^ ■ D a GiD a r) Sie \\ L 2 + \\e^ ■ G^U^sA + \d%, e \)\\v 



(A.15) 



and 



||e- A/t • rjieHjWv < C\- X \\e- Xf * ■ ?j 5 , e L{Hj)\\ L 2 + CX^We'^ ■ HjLtfsMvi ( A - 16 ) 
for any A > C. Using the main identities (14.121) . in B e io(xo) we estimate pointwise 



\D e Gi\ <MJ2 {Id'Gil + \Hj\ 

1=1 m=l 

I J 

\L{H S )\ < Mj^ild'Gtl + +Mj2\Hj 



(A.17) 



i=i 



m=l 



for some large constant M. We add inequalities (IA.150 and (1A.16j) over The key 
observation is that, in view of (1A.17I) . the first terms in the right-hand sides of (IA.15I) 
and (lA.16j) can be absorbed into the left-hand sides for A sufficiently large. Thus, for any 
A sufficiently large and 5 6 (0, 1], 



\e- Xh -vs. 



,eGi\\ L 2 + J2 IK A/e ■ vsMv < cx- 1 J2 IK a/e ■ Hil&nsAWv 



i=i 



3=1 3=1 
I 



(A.18) 



i=i 



We let now 5^0 and A — > oo, as in [TQl Section 6], to conclude that 1# 40 ( Xo )ru+- Gi = 
and Is 40 ( ao )n/+- Hj = 0. The main ingredient needed for this limiting procedure is the 
inequality 

{xGB io (x )nl+- :N*0 >e™/2} 



inf e 

B, 40 (x )nI+~ 



which follows easily from the definition (lA.lOf) . The lemma follows. 



□ 



24 



S. ALEXAKIS, A. D. IONESCU, AND S. KLAINERMAN 



References 

S. Alexakis, Unique continuation for the vacuum Einstein equations, Preprint (2008). 
S. Alexakis, A. D. Ionescu, and S. Klainerman Uniqueness of smooth stationary black holes in vac- 
uum: small perturbations of the Kerr spaces, Preprint (2009). 

B. Carter, An axy- symmetric black hole has only two degrees of freedom, Phys. Rev. Letters 26 
(1971), 331-333. 

D. Christodoulou and S. Klainerman, The global nonlinear stability of the Minkowski space, Princeton 
Math. Series 41, Princeton University Press (1993). 

P. T. Chrusciel and J. L. Costa, On uniqueness of stationary vacuum black holes, Preprint (2008). 
P.T. Chrusciel and R.M. Wald, On the Topology of Stationary Black Holes, Class. Quant. Gr. 10 
(1993), 2091-2101. 

H. Friedrich, I. Racz, R. Wald, On the rigidity theorem for space-times with a stationary event 
horizon or a compact Cauchy horizon, Commun. Math. Phys. 204 (1999), 691-707. 
S.W. Hawking and G.F.R. Ellis, The large scale structure of space-time, Cambridge Univ. Press 
(1973). 

L. Hormandcr, The analysis of linear partial differential operators IV. Fourier integral operators, 
Grundlchrcn dcr Mathcmatischcn Wisscnschaftcn [Fundamental Principles of Mathematical Sci- 
ences], 275. Springer- Verlag, Berlin (1985). 

A. D. Ionescu and S. Klainerman, On the uniqueness of smooth, stationary black holes in vacuum, 
Invent. Math. 175 (2009), 35-102. 

A. D. Ionescu and S. Klainerman, Uniqueness results for ill-posed characteristic problems in curved 
space-times, Commun. Math. Phys. 285 (2009), 873-900. 

J. Isenberg and V. Moncrief, Symmetries of Cosmological Cauchy Horizons, Commun. Math. Phys. 
89 (1983), 387-413. 

W. Israel, Event horizons in static vacuum space-times, Phys. Rev. Letters 164 (1967), 1776-1779. 
S. Klainerman and F. Nicolo, The evolution problem in general relativity. Progress in Mathematical 
Physics, 25. Birkhauser Boston, Inc., Boston, MA, (2003). 

M. Mars, A space-time characterization of the Kerr metric, Classical Quantum Gravity 16 (1999), 
2507-2523. 

D.C. Robinson, Uniqueness of the Kerr black hole, Phys. Rev. Lett. 34 (1975), 905-906. 

I. Racz and R. Wald, Extensions of space-times with Killing horizons, Class. Quant. Gr. 9 (1992), 
2463-2656. 

A. Rendall, Reduction of the characteristic initial value problem to the Cauchy problem and its 
applications to the Einstein equations, Proc. R. Soc. London. A 427 (1990), 221-239. 
W. Simon, Characterization of the Kerr metric, Gen. Rel. Grav. 16 (1984), 465-476. 

Massachusetts Institute of Technology 
E-mail address: alexakis@math.mit.edu 

University of Wisconsin - Madison 
E-mail address: ionescu@math.wisc.edu 



Princeton University 

E-mail address: seri@math.princeton.edu 



